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ActiveDevices

1.1 Introduction

The analysis and design of integrated circuits depend heavily on the utilization of suitable
models [or integrated-circuit components. This is true in hand analysis, where fairly simple
models are generally used, and in computer analysis, where more complex models are
encountered. Since any analysis is only as accurate as the model used, it is essential that
the circuit designer have a thorough understanding of the origin of the models commonly
utilized and the degree of approximation involved in each.

This chapter deals with the derivation of large-signal and small-signal models for
integrated-circuit devices. The trealment begins with a consideration of the properties of
pn junctions, which are basic parts of most integrated-circuit elements. Since this book is
primarily concerned with circuit analysis and design, no attempt has been made to produce
a comprehensive lreatment of semiconductor physics. The emphasis is on summarizing the
basic aspects of semiconductor-device behavior and indicating how these can be modeled
by equivalent circuils.

1.2 Depletion Region of & pn Junction

The properties of reversc-biased prn junctions have an important influence on the charac-
teristics of many integrated-circuit components. For example, reverse-biased pn junctions
exist between many integrated-circuit elements and the underlying substrate, and these
junctions all contribute voltage-dependent parasitic capacitances. In addition, a number
of important characteristics of active devices, such as breakdown voltage and cufput re-
sistance, depend directly on the properties of the depletion region of a reverse-biased pn
junction. Finally, the basic operation of the junction field-effect transistor is controlled by
the width of the depletion region of a pn junction. Because of its importance and applica-
tion to many different problems, an analysis of the depletion region of a reverse-biased pn
junction is considered below. The properties of forward-biased pr junctions are treated in
Section 1.3 when bipolar-transistor operation is described.

Consider a pn junction under reverse bias as shown in Fig. 1.1, Assume constant
doping densities of Np atomsicm? in the n-type material and N4 atoms/cm® in the p-
type material. (The characteristics of junctions with nonconstant doping densities will be
described later.) Due to the difference in carrier concentrations in the p-type and n-type
regions, there exists a region at the junction where the mobile holes and electrons have
been removed, leaving the fixed acceptor and donor jons. Each acceptor atom carries a
negative charge and cach donor atom carries a positive charge, so that the region near the
junction is one of significant space charge and resulting high electric field. This is called
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the depletion region ot space-charge region. It is assumed that the edges of the depletion
region are sharply defined as shown in Fig. 1.1, and this is a good approximation in most
cases.

For zero applied bias, there exists a voltage ¢y across the junction called the built-in
potential. This potential opposes the diffusion of mobile holes and electrons across the
junction in equilibrium and has a value!

NN,
o = Vrln ’:12" (1.1)

i

where

Vr = %'—1 =26mV at 300°K

the quantity »; is the intrinsic carrier concentration in a pure sample of the semiconductor
and n; = 1.5 X 10'"%m ™2 at 300°K for silicon.

In Fig. 1.1 the built-in potential is augmented by the applied reverse bias, Vi, and the
total voltage across the junction is (o + V). If the depletion region penctrates a distance
W, into the p-type region and W into the n-type region, then we require

WiNy = WyNp (1.2)

because the total charge per unit area on either side of the junction must be equal in mag-
nitude but opposite in sign.
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Poigson’s equation in one dimension requires that

sz P qNA .
= £ 44 — << x < 1.3
% . p for W <x<<0 (1.3)

where p is the charge density, g is the electron charge (1.6 X 107! coulomb), and € is the
permittivity of the silicon (1.04 X 10~!2 farad/cm). The permittivity is often expressed as
e =K SEQ (1-4)
where Ky is the dielectric constant of silicon and e is the permittivity of free space (8.86 X
10 ¥ Ffcm). Integration of (1.3) gives
N
v _aNa L ¢ (1.5)
dx €

where C| is a constant. However, the electric field € is given by

- - _ —(ﬂi;ﬁc.) (1.6)
dx €

Since there is zero electric field outside the depletion region, a boundary cendition is
EF=0 for x=—W,

and use of this condition in (1.6) gives

qNa

€

dv
(x+ W) = “"E for — W, <x<0 (1.7)
Thus the dipole of charge existing at the junction gives rise 10 an electric field that varies
linearly with distance.
Integration of (1.7) gives

2
V= % (% + Wlx)+ Cs (1.8)

% = —

If the zere for potential is arbitrarily taken to be the potential of the neutral p-type region,
then a second boundary condition is

V=0 for x=—-W
and use of this in (1.8) gives

2 wZ
V=q—-ﬁir§-(x—+wlx+—l) for —-W, <x<0 {1.9)
€ 2 2
At x = 0, we define V = Vy, and then {1.9) gives
“ N, Wi
y, = X401 (1.10)
e 2
If the potential difference from x = Qto x = W; is V;, then it follows that
gNp W3
=1L - _= 1.11
V2 < > (1.11)

and thus the total veltage across the junction is

dg+ Ve =V + Vs = zifg(mw% + NpW2) (1.12)
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When the surlace potential in the silicon reaches a critical value equal to twice the
Fermi level ¢, a phenomenon known as inversion occurs.!® The Fermi level ¢ is

defined as
kT N
¢, - —l.n[—'q} (1.135)
i L H :
where & is Boltzmann’s constant. Also, »; is the intrinsic carrier concentration, which is
= NN _ L
n; VNN exp( ZkT) (1.136)

where E, is the band gap of silicon at T = 0°K, ¥, is the density of allowed states ncar
the edge of the conduction band, and ¥, is the density of allowed states near the cdge
of the valence band, respectively. The Fermi level ¢ ¢ 1s usually about 0.3 V. After the
potential in the silicon reaches 2¢b4, further increases in gate voltage produce no further
changes in the depletion-layer width but instead induce a thin layer of electrons in the
depletion layer at the surface of the silicon directly under the oxide. Inversion produces
a continucus n-type region with the source and drain regicns and forms the conducting
channel between source and drain. The conductivity of this channel can be modulated by
increases or decreases in the gate-source voltage. In the presence of an mversion layer,
and without substrate bias, the depletion region contains a fixed charge density

Ow = 2gNa€2d; (1.137)

If a substrate bias voltage Vsp (positive for n-channel devices) is applied between the
source and substrate, the potential required to produce inversion becomes 2y + Vea),
and the charge density stored in the depletion region in general is

Oy = J2GNs€(2py + Vip) (1.138)

The gate-source voltage Vs required to produce an inversion layer is called the
threshold voltage V; and can now be calculated. This veltage consists of several com-
ponents. First, a voltage [2¢ ¢ + (0,/C,,)] is required to sustain the depletion-layer charge
Op, where C,y is the gate oxide capacitance per unit arca. Second, a work-function dif-
ference ¢hs exists between the gate metal and the silicon. Third, positive charge density
(s always exists in the oxide at the silicon interface, This charge is caused by crystal dis-
continuities at the Si — Si0- interface and must be compensated by a gate-scurce voliage
contribution of —}/C,,. Thus we have a threshold voltage

QI} Q_cs
vV, = 4+ 2 + - 1.139
f ‘i’m} d’f Cox C,, ( )
Qb() st Qb - le}
= s + 2 + = - + —
¢ (ﬁf Cox Cox Cox
= Vi +y{V26; + Vsp — 26, (1.140)

where (1.137) and (1.138) have been used, and Vg is the threshold voliage with Vep = 0.
The parameter v is defined as
Y C(.’.'f.'

\;'IQQENE (1.141)
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1.2.1 Depletfion-Region Capacitance

Since there is a voltuge-dependent charge  associated with the depletion region, we can
calculate a small-signal capacitance C; as follows:

4o _ dQ dW,

Now
dQ = AgNdW, (1.1
where A is the cross-sectional arca of the junction. Differentiation of (1.14) gives

1/2

‘j% _ | ; | (1.18)
¢
RV 2gN, (1 + N—"‘)(lbn +Vg)
i
Useof {L.17)and (1.18) in (1.16) gives
172 .
N - {
c, = A[ qeNaNo } . (1.19)
| 2NA+Np)l  Sg + Vg

The above equation was derived [or the case of rcverse bias Vi applied to the diode.
However, il is valid for positive bias voltages as long as the forward current flow is small.
Thus, if Vp represents the bias on the junction (positive for forward bias, negative for
reverse bias), then (1.19) can be written as

- 2
geNANp } 1 .
C; = A|-L S S 1.20
j [2(N,1 N Ja—vs (1.20)
Cro {(1.21)

_ 1_%

where Cjq is the value of C; for Vp = 0.

Equations 1.20 and 1.21 were derived using the assumption of constant doping in
the p-type and n-type regions. However, many practical diffused junctions more closely
approach a graded doping profile as shown in Fig. 1.2. In this case a similar calculation
yields

i ] — E
y tho

Note that both (1.21) and (1.22) predict values of C; approaching infinity as Vp ap-
proaches ¢ro. However, the current flow in the diode is then appreciable and the equations
no longer valid. A more exact analysis®? of the behavier of C; as a function of Vp gives
the result shown in Fig. 1.3. For forward bias voltages up to about /2, the values of C;
predicted by (1.21) are very close to the more accurate value. As an approximation, some
computer programs approximate C; for Vp > ifip/2 by a linear cxtrapolation of (1.21) or
(1.22).

Cy = (1.22)
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| EXAMPLE

If the zero-bias capacitance of a diffused junction is 3 pF and iy = 0.5 V, calculate the
capacitance with 10 V reverse bias. Assume the doping profile can be approximated by an
abrupt junction.
From (1.21)
3
C; = ———==pF = 0.65 pF
i 10 p b

_ 1+ 52

1.2.2 Junction Breakdown

From Fig. 1.1c it can be seen that the maximum electric field in the depletion region occurs
at the junction, and for an abrupt junction (1.7) yields a value

N
Cmax = —qt_—“wl (1.23)
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Substitution of (1.14) in (1.23) gives

2qNANpVx ]”2

I = _—
1%max| ]:E (NA T Np)

(1.24)
where g has been neglected. Equation 1.24 shows that the maximum field increases as
the doping density increases and the reverse bias increases. Although useful for indicat-
ing the functional dependence of €,y on other variables, this equation is strictly valid
for an ideal plane junction only. Practical junctions tend to have edge effects that cause
somewhat higher values of €. due to a concentration of the field at the curved edges
of the juncticn.

Any reverse-biased pn junction has a small reverse current flow due to the presence
of minerity-carrier holes and electrons in the vicinity of the depletion region. These are
swept across the depletion region by the field and contribute to the leakage current of the
junction. As the reverse bias on the junction is increased, the maximum field increases and
the carriers acquire increasing amounts of energy between lattice collisions in the depletion
region. At a critical field % the carriers traversing the depletion region acquire sufficient
energy to create new hole-electron pairs in collisions with silicon atoms. This is called the
avalanche process and leads to a sudden increase in the reverse-bias leakage current since
the newly created carriers are also capable of producing avalanche. The value of &y 15
about 3 X 10° V/em for junction doping densities in the range of 10'° to 10'¢ atoms/cm?,
hut it increases slowly as the doping density increases and reaches about 10° V/em for
doping densities of 101® atoms/em’.

A typical I-V characteristic for a junction diode is shown in Fig. 1.4, and the effect
of avalanche breakdown is seen by the large increase in reverse current, which occurs as
the reverse bias approaches the breakdown voltage BV, This corresponds to the maximum
field & ma, approaching €. It has been found empirically4 that if the normal reverse bias
current of the diode is fr with no avalanche effect, then the actual reverse current near the
breakdown voltage is

IRA = MIR (125)

I mA

N L1 _
—25( 20 -15 10 5 5 10 15 V volts

Figure 1.4 Typical I~V characteristic of a junction diode showing avalanche breakdown.
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where M is the multiplication factor defined by

M= 1 (1.26)

|- (YeY

(5
In this equation, Vy is the reverse bias on the diode and n has a value between 3
and 6.

The operation of a pr junction in the breakdown region is not inherently destruc-
tive. However, the avalanche current flow must be limited by external resistors in order
to prevent excessive power dissipation from occurring at the junction and causing dam-
age to the device. Diodes operated in the avalanche region are widely used as voltage
references and are called Zener diodes. There is another, related process called Zener
breakdown,® which is different from the avalanche breakdown described above, Zener
breakdown occurs only in very heavily doped junctions where the electric field becomes
large encugh (even with small reverse-bias voltages) to strip electrons away from the
valence bonds. This process is called mnneling, and there is no multiplication effect as
in avalanche breakdown. Although the Zener breakdown mechanism is important only
for breakdown voltages below about 6 V, all breakdown diodes are commeonly referred
to as Zener diodes,

The calculations so far have been concerned with the breakdown characteristic of
plane abrupt junctions. Practical diffused junctions differ in some respects from these
results and the characteristics of these junctions have been calcylated and tabulated for
use by designers.5 In particular, edge effects in practical diffused Jjunctions can result

in breakdown voltages as much as 50 percent below the value calculated for a plane
junction.

m  EXAMPLE

An abrupt plane pn junction has doping densities N4 = 5 X 10! atoms/em? and Np =
10'¢ atoms/em®. Calculate the breakdown voltage if ey = 3 X 10° Viem.
The breakdown voltage is calculated using €y, = €t in (1.24) to give

€ (Na+ Np)oy
quAND crit
1.04 x 10712 x 15 x 1015 .
T IXI6XI0 P xSx 105106 <0 1107V

- = 88 V

BY =

1.3 Large-Signal Behavior of Bipolar Transistors

In this section, the large-signal or dc behavior of bipolar transistors is considered. Large-
signal models are developed for the calculation of total currents and voltages in transistor
circuits, and such effects as breakdown voltage limitations, which are usually not included
in models, are also considered. Second-order effects, such as current-gain variation with
collector current and Early voltage, can be important in many circuits and are treated in
detail.

The sign conventions used for bipolar transistor currents and voltages are shown in
Fig. 1.5. All bias currents for both npn and pnp transistors are assumed positive going
into the device.
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Figure 1.5 Bipolar transistor sign
fpn prp convention.

1.3.1 Large-Signal Models in the Forward-Active Region

A typical apn planar bipolar transistor structure is shown in Fig. 1.6a, where collector,
base, and emitter are labeled C, B, and E, respectively. The method of fabricating such
transistor structures is described in Chapter 2. [t is shown there that the impurity doping
density in the base and the emitter of such a transistor is not constant but varies with
distance from the top surface. However. many of the characteristics of such a device can
be predicted by analyzing the idealized transistor structure shown in Fig. 1.6b. In this
structure the base and cmitter doping densitics are assumed constant, and this is sometimes
called a uniform-base transistor. Where possible in the following analyses, the equations
for the uniform-base analysis are expressed in a form that applies also to nonuniform-base
transistors.

A cross section AA’ is taken through the device of Fig. 1.6 and carrier concentrations
along this section are plotted in Fig. 1.6¢. Hole concentrations are denoted by p and elec-
tron concentrations by n with subscripts p or n representing p-type or n-type regions. The
n-type emitier and cellector regions are distinguished by subscripts £ and C, respectively.
The carrier concentrations shown in Fig. 1.6¢ apply to a device in the forward-active re-
gion. That is, the base-emitter junction is forward biased and the base-collector junction is
reverse biased. The minority-carrier concentrations in the base at the edges of the depletion
regions can be calculated from a Boltzmann approximation to the Fermi-Dirac distribution
functien to give®

1%
1p(0) = Ay, exp Vi: (1.27)

v
np(Wy) = 1, eXp VLTC =0 (1.28)

where W is the width of the base from the base-emitter depletion layer edge to the base-
collector depletion layer edge and n, is the equilibrium cencentration of electrons in the
base. Note that Ve is negative for an npn transistor in the forward-active region and
thus r2,{Wp) is very small. Low-level injection conditions are assumed in the derivation of
(1.27) and (1.28). This means that the minority-carrier concentrations are always assumed
much smaller than the majority-carrier concentration.

If recombination of holes and electrons in the base is small, it can be shown that’
the minority-carrier concentration n,(x) in the base varies linearly with distance. Thus a
straight line can be drawn joining the concentrations at x = 0 and x = Wp in Fig. 1.6c.

For charge neutrality in the base, it 1s nccessary that

NA + ﬂp(x) == pp(xj (1.29)
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Figure 1.6 (a) Cross section of a typical npn planar bipolar transistor structure. (b) Idealized tran-
sistor structure. (c) Carrier concentrations along the cross section AA' of the transistor in (). Uni-
form doping densities are assumed. (Not to scale.)

and thus
Pp(x) — ng(x) = Ny (1.30)

where p,(x) is the hole concentration in the base and N, is the base doping density that
is assumed constant. Equation 1.30 indicates that the hole and electron concentrations are
separated by a constant amount and thus p,(x) also varies linearly with distance.

Collector current is produced by minority-carrier electrons in the base diffusing in the
direction of the concentration gradient and being swept across the collector-base depletion
region by the field existing there. The diffusion current density due to electrons in the
base is

dnpy(x)
dx

Jn = gD, (1.31)
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where D, is the diffusion constant for electrons. From Fig. 1.6¢

Ry (0)
Wp

If I is the collector current and is taken as positive flowing into the collector, it follows
from (1.32) that

I, = —gD, (1.32)

np(0)
Wg

Ic = gAD, (1.33)

where A is the cross-sectional area of the emitter, Substitution of (1.27) into (1.33) gives

ﬁ}AD nllpo VBE
cX

Ie = 1.34

c Ws P (1.34)

= I exp@ (1.35)

Ve
where
gAD 1y,
Iy = ——7-= 1.36
5 Wa (1.36)

and [s is a constant used to describe the transfer characteristic of the transistor in the
forward-active region. Equation 1.36 can be expressed in terms of the base doping density
by noting that® (see Chapter 2)

Ppy = ~ (1.37)

and substitution of (1.37) in (1.36) gives

P gAD,n?  gAD.n?
¥ Wy, Qg

where Qp = WgN, (s the number of doping atoms in the base per unit area of the
emitter and #; is the intrinsic carrier concentration in silicon. In this form (1.38) applies
to both uniform- and nonuniform-base transistors and IJ, has been replaced by D,,
which 1s an average effective value for the electron diffusion constant in the base. This
is necessaty for nonuniform-base devices because the diffusion constant is a function
of impurity concentration. Typical values of I as given by (1.38) are from 107 1o
10716 A

Equation 1.35 gives the collector current as a function of base-emitter voltage. The
base current Iz is also an important parameter and, at moderate current levels, consisis of
two major components. One of these ({p; ) represents recombination of holes and electrons
in the base and is proportional to the minority-carrier charge @, in the base. From Fig.
1.6¢, the minority-carrier charge in the base is

(1.38)

1
Qe = Enp(O)WBqA (1.39
and we have '

A
I = 2% = %—"P(O)WB‘? (1.40)
T T
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where 7, is the minority-carrier lifetime in the base. I, represents a flow of majority holes
from the base lead into the base region. Substitution of (1.27) in (1.40) gives

_ ].HPQWBQA VBE
Ig = 2 Tb exp Vr

{1.41)

The second major component of base current (usually the dominant one in integrated-
circuit #pn devices) is due to injection of holes from the base into the emitter. This current
component depends on the gradient of minority-carrier holes in the emitter and is®

AD
I =2 i £ pre(0}) (1.42)
Iy

where D, is the diffusion constant for holes and L,, is the diffusion length (assumed small)
for holes in the emitter. p,z(0) is the concentration of holes in the emitter at the edge of
the depletion region and is

V
Puz(Q) = pueoexp o= (L.43)
T
If Np is the donor atom concentration in the emitter {assumed constant), then

2
T

= i 1.44

PnEo ND ( )

The emitter is deliberately doped much more heavily than the base, making Np large and
Pngo sall, so that the base-current component, {g;, is minimized.
Substitution of (1.43) and (1.44) in (1.42) gives

_ QADP n_f VBE

I —_— .
B2 L, Mo exp vy (1.45)
The total base current, /g, is the sum of Iz, and f3,:
ln,,WpggA gAD n* Var
Ig =1 Ig = |22 + P i = 1.46
5 =Ip +1Ip; (2 = L, p eXp 4 (1.46)

Although this equation was derived assuming uniform base and emitter doping, it gives
the correct functional dependence of 75 on device parameters for practical double-diffused
nonuniform-base devices. Second-order components of I, which are important at low
current levels, are considered later.

Since I in (1.35) and /g in (1.46) are both proportional to exp(Vge/V7) in this anal-
ysis, the base current can be expressed in terms of collector current as

Ig = (1.47)

Br
where B is the forward current gain. An expression for 85 can be calculated by substi-
tuting (1.34) and (1.46) in (1.47) to give

gADyhp,
7 1
— = 1.48
U Tnplaeh o T W3 Dy WaN,

where (1.37) has been substituted for n,,. Equation 1.48 shows that Br 15 maximized
by minimizing the base width W and maximizing the ratio of emitter to base doping
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densitics Np/N 4. Typical values of Br for npn {ransistors in integrated circuits are 50 to
500, whereas lateral pap transistors {to be described in Chapter 2) have values 10 te 100,
Finally, the emitter current is

Ig = —(c +ip) = — (Ic Ll ) -l (1.49)
Br ¥
where
_ Br
ap = 1+ Br (1.5

The value of &y can be expressed in terms of device parameters by substituting {1.48)
in {1.50() to obtain

1 |

= R~ = 1.51
aF { Wi D Wi N, T (1.51)
b+ o 1+ & L2
Br 2D, Dy L, Np
where
1
ay = ]+ W (1.51a)
2D,
[
v - D, Wa Na (1.51b)
D, L, Np

The validity of (1.51) depends on W2/27,D, <5< | and (Dp/D X We/Lp)(N4/Np) < 1,
and this is always true if B« is large [see (1.48)]. The term <y in (1.51) is called the emitter
injection efficiency and is equal to the ratio of the electron current (2 pn transistor) injected
into the base from the emitter to the lotal hole and electren current crossing the base-emitter
junction. Ideally v — 1, and this is achieved by making N/N4 large and Wy small. In
that case very little reverse injection occurs from base to emitter.

The term a7 in {1.51) is called the base fransport factor and represents the fraction of
carriers injected into the base (from the emitter) that reach the collector. Ideally ez — 1
and this is achieved by making W small. It is evident frem the above development that
[abrication changes that cause ay and y to approach nnity also maximize the value of B¢
of the fransistor.

The results dertved above allow formulation of a large-signal model of the transis-
tor suitable for bias-circuit calculations with devices in the forward-active region. One
such circuit is shown in Fig. 1.7 and consists of a base-emitter diode to model (1.46)
and a controlled collector-current generator 1o model (1.47). Note that the collector volt-
age ideally has ne influence on the collector current and the cellector node acts as a
high-impedance current source. A simpler version of this equivalent circuit, which is
olten useful, is shown in Fig. 1.7b, where the input diode has been replaced by a bat-
tery with a value Vggn). which is usually 0.6 to 0.7 V. This represents the fact that in
the forward-active region the base-emitter voltage varies very little because of the steep
slope of the exponential characteristic. In some circitits the temperature coefficient of
Vaewn 18 important, and a typical value for this is —2 mV/°C. The equivalent circuits of
Fig. 1.7 apply for npn transisters. For prp devices the corresponding equivalent circuits
are shown in Fig. 1.8.




14

Chapter 1 m Models for Integrated-Circult Active Devices
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1.3.2 Etfects of Collector Voltage on Large-Signal Characteristics
in the Forward-Active Reglon

In the analysis of the previous section, the collector-base junction was assumed reverse
biased and ideally had no effect on the collector currents. This is a useful approximatien
for first-order calculations, but is not strictly true in practice. There are occasions where
the influence of collector voltage on collector current is important, and this will now be
investigated.

The collector voltage has a dramatic effect on the collector current in two regions of de-
vice operation. These are the saturation (Vg approaches zero) and breakdown (Vg very
large) regions that will be considered later. For values of collector-emitter voltage V5 be-
tween these extremes, the collector current increases slowly as Vg increases. The reason
for this can be seen from Fig. 1.9, which is a sketch of the minority-carrier concentration
in the base of the transistor. Consider the effect of changes in Vo on the carrier concen-
tration for constant Vzg. Since Vg is constant, the change in V3 equals the change in
Vce and this causes an increase in the collector-base depletion-layer width as shown. The
change in the base width of the transistor, AW, equals the change in the depletion-layer
width and causes an increase Al in the collector current.

From (1.35) and (1.38) we have

_ quJ,,nf ex Vir

I 1.52
¢ (s P Vr (132)
Differentiation of (1.52) yields
dlc _  qADnn? ( Vee \ dQp
= — Llex 1.53
oVer Q% P Vr JdVcg ( )
and substitution of (1.52) in (1.53) gives
dlc _ Ic dQs (1.54)

Vee  QadVer
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For a uniform-base transistor O = Wgi 4, and (1.54) becomes

¢lp B _i dWg
Ver  WedVeg

(1.55)

Note that since the base width decreases as Ve increases, dWafdVeg in (1.55) 1s negative
and thus #4-/V £ is positive. The magnitude of d Wg/d V-, can be calculated from (1.18)
for a uniform-base transistor. This equation predicts that dWg/dV ey is a function of the
bias value of Vg, but the variation is typically small for a reverse-biased junction and
dWg/dV g 1s ofien assumed constant. The resulting predictions agree adequately with
experimental results.

Equation 1.55 shows that ¢1/dV ¢y is proportional to the cellector-bias current and
inversely proportional Lo the transistor base width. Thus narrow-base transistors show
a greater dependence of 7o on Vg in the forward-active region. The dependence of
dlcldVer on I results in typical transistor output characteristics as shown tn Fig. 1.10.
In accordance with the assumptions made in the foregeing analysis, these characteristics
are shown for constant values of Vgg. However, in most integrated-circuit transistors the
base current is dependent only on Vg and not on Vg, and thus constant-base-current
characteristics can often be used in the following calculation. The reason for this is that
the base current is usvally dominated by the Iz component of (1.45}, which has no de-
pendence on Vg, Extrapolation of the characteristics of Fig. 1.10 back e the Vg axis
gives an intercept ¥, called the Early voltage, where

N o
Va = 7l (1.56)
Vg
Substitution of (1.55) in (1.56) gives
dVee
= - 1.57
Va Wy Wy (1.57)

which is a constant, independent of /. Thus all the characteristics extrapolate to the same
point on the Vg axis. The variation of I with Vg is called the Early effect, and V), 1s
a common model parameter for circuit-analysis computer programs. Typical values of V4
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Var4

Figure 1.10 Bipolar transistor output characteristics showing the Early vollage, V.

for integrated-circuit transistors are 15 to 100 V. The inclusion of Barly effect in de bias
calculations s usually limited to computer analysis because of the complexity introduced
mto the calculation. However, the influence of the Early effect is often dominant in snall-
signal calculations for high-gain circuits and this poinl will be considered later.

Finally, the influence of Early effect on the transistor large-signal characteristics in
the forward-active region can be represented approximately by modifying (1.35) to

Ver Vaz
Ie = Ig(1 + —/ |exp —— 1.58)
¢ .s( v. ISP (
This is a commen means of representing the device output characteristics for computer
simulation.

1.3.3 Saturation and Inverse-Active Regions

Saturation is a region of device operation that is usually avoided in analog circuits because
the transistor gain is very low in this region. Saluration is much more commonly encoun-
tered in digital circuits, where it provides a well-specified output voltage that represents a
logic state.

In saturation, both cmitter-base and collector-basc junctions are forward biased. Con-
sequently, the collcctor-emitter voltage Vi is quile small and is usually in the range 0.05
te 0.3 V. The carrier concentrations in a saturated np# transistor with uniform basc doping
arc shown in Fig. 1.11. The minority-carrier concentration in the base at the edge of the
depletion region is again given by (1.28) as

Rp(Wg) = 11, eXP VV—"T (1.59)

but since Ve is now positive, the valuc of n,(Wy) is no longer negligible. Consequently,
changes in Vo with V gz held constant (which cause equal changes in Vge) directly affect
#1p(Wp). Since the collector current is proportional to the slope of the minority-carrier con-
centration in the base |see (1.31)], itis also proportional (o [n,(0)— ny(Wg)] from Fig. 1.11.
Thus changes in n,{Wp) dircctly affect the collector current. and the collector node of the
{ransistor appears to have a low impedance. As Vg is decreased in saturation with Vgg
held constant, Ve increascs, as does #1,( W) from (1.59). Thus from Fig. 1.11 the collector
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Figure 1.11 Carrier concentrations in a saturated npn transistor. (Nol to scale.)

current decreases because the slope of the carrier concentration decreases. This gives rise
to the saturation region of the Ic — Vg characteristic shown in Fig. 1.12. The slope of
the I — Vep characteristic in this region 1s largely determined by the resistance in series
wilh the collector lcad due to the finite resistivity of the n-type collector material. A useful
model for the transistor in this region is shown in Fig. 1.13 and consists of a fixed voltage
source to represent Vpgon. and a fixed voltage source to represent the collector-emitter
voltage Vg A more accurate but more complex model includes a resistor in series
with the collector. This resistor can have a value ranging from 20 to 500 £}, depending on
the device structure.

An additicnal aspect of transistor behavior in the saturation region is apparent from
Fig. 1.11. For a given collector current, there is now a much larger amount of stored charge
in the base than there is 1n the forward-active region. Thus the base-current contribution
represented by (1.41) will be larger in saturation. In addition. since the collector-base junc-
tion 1s now forward biased, there is a new basc-current component due to mjection of
carriers from the base to the collector. These two effects result in a base current {g in sat-
uration, which is larger than in the forward-active region for a given collector current /.
Ratio I/-/Ig in saturation is often referred to as the forced B and is always less than 8.
As the forced 8 is made lower with respect to 8, the device is said to be morc heavily
saturated.

The minority-carrier concentration in saturation shown in Fig. 1.11 is a straight line
joining the two end points, assuming that recombination is small. This can be represented
as a linear superpositicn cf the two dotted distributions as shown. The justification for this
18 that the terminal currents depend /inearly on the concentrations 1,{0) and #,{Wy). This
picture of device carrier concentrations can be used to derive seme general equations de-
scribing transistor behavior. Each of the distributions in Fig. 1.11 is considered separately
and the two contributions are combined. The emitfer current that would result from n,(x)
ahove is given by the classical diode equation

v i
Tep = —Igs (exp-i"f — 1) (1.60)
. VT
where /gs 18 a constant that is often referred to as the saturation current of the junction (no
connection with the transistor saturation previously described). Equation 1.60 predicts that
the juncticn current is given by fgp = Igg with a reverse-bias voltage applied. However,
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Figure 1.13 Large-signal modcls for bipoelar transistors in the saturation region,

in practice {1.60) is applicable only in the forward-bias region, since second-order effects
dominate under reverse-bias conditions and typically result in a junction current scveral
orders of magnitude larger than Izg. The junction current that flows under reverse-bias
conditions is often called the leakage current of the junction.

Returning te Fig. 1.11, we can describe the collecior current resulting from #,2(x)
alone as

Ve .

Icp = —I¢y (exp BC _ l) (1.6
" V-I

where Ics is a constant. The total collector current I is given by Iog plus the fraction of

{ep Lhat reaches the collector (allowing for recombination and reverse emitter injection).

Thus

Ie = arlgs (cxpvv—f - 1)— fcs(expvvi: - 1) (1.62)
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where a; has been delined previously by (1.51). Similarly, the total cmitter current is
composcd of Izp plus the fraction of /- that reaches the emitter with the transistor acting
in an inverted mode. Thus

Ir = —1';;3 (EXPE - 1)+ O.’Rf(‘_'_',' (CK]JE— ) (]63)
Vy Vy
where a is the ratio of emitter to collector current with the transistor operating inverted
{1.¢., with the collector-base junction forward biased and cmitting carriers into the base
and the emitter-base junction reverse biased and collecting carncrs). Typical values of ag
are (.5 to 0.8, An inverse current gain By 1s also defined

ag
1""&;{

Br = (Lod)
and has typical values 1 lo 5. This is the current gain of the transistor when operated
inverted and is much lower than 8y because the device geometry and deping densitics
are designed to maximize §;. The inverse-active region of device operatien oceurs for
Veg negative in an ap# transistor and is shown in Fig. 1.12. In order to display these
characteristics adequaltcly in the same figure as the forward-active region. the negative
voltage and current scales have been expanded. The inverse-active mode of operation 1s
rarely encountered in analog circuits.

Equations 1.62 and 1.63 describe npr transistor operation in the saturation region
when Vg and Ve arc both positive, and also in the forward-active and inversc-active
regions. These equations are the Ebers-Moll equations. In the forward-active region, they
degenerate into a form similar Lo that of (1.35), (1.47), and (1.49) derived earlicr. This can
be shown by putting Vgp positive and Ve negative in (1.62) and (1.63) 10 oblain

I = aples (CKP% - ])“f' fcs (1.63)
%
I = —Ipy (Cxp%f - 1)—&’}?1(‘3 {1.66)

Equation 1.65 is similar in form to (1.35) except thai leakage currents that were previ-
ously neglected have now been included. This miner difference is significant only at high
temperatures or very low operating currents. Comparison of {1.65) with (1.33) allows us
to identify fs = o Jgg, and it can be shown!? in general that

wplps = agley = Is (1.67}

where this expression represents a reciprocily condition. Use of (1.67) in (1.62) and (1.63)
allows the Ebers-Moll equations to be expressed in the general form

Vg Is Vac ' o
. ) I (g B 1.62
Ie {5 (cxp v 1) - (f:xp Vs 1) ( a)
Is { Vg Ve
= =5 fexp L BE )1 —BC 1.63:
I ar (cxp Ve 1)+ g(cxp v, { aj

This form is often used for computer representation of transistor large-signal behavior.
The effect of leakage currents mentioned above can be [urther illustrated as follows.
In the forward-active region, from (1.66)

Tes (exp-‘i?-'i - 'I) = —Ip —arles (1.68)
T !
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Substitution of (1.68) in (1.65) gives
Io = ~aplpg + Icp (1.69)
where
Ieo = Ics(l'— apay) (1.69a)

and I¢o is the collector-base leakage current with the emitter open. Although I is given
theoretically by (1.69a), in practice, surfuce leakage c(lects dominate when the collector-
base junction is reverse biased and Icp is typically several orders of magnitude larger
than the value given by (1.6%9a). However, (1.69) is still valid if the appropriate measured
value for /g is used. Typical values of 1o are from 107" to 10 2 A at 25°C, and the
magnitude doubles about every 8°C. As a consequence, these leakage terms can become
very significant at high temperatures. For example, censider the base current /5. From
Fig. 1.5 this is

Iy = —(Ie + Ig) (1.70)

If I is calculated from (1.69) and substituted in (1.70), the result is
Iy = L, o (.71

ap G pr
But trom {1.50)
wr _

= 1.72
Br = 7= @ (1.72}

and use of (1.72) in (1.71) gives

Ie e
I, = £ ke (1.73)
Br ar
Since the (wo terms in (1.73) have opposile signs, the effect of f is to decrease the
magnitude of the external basc current at a given value of collecter current.

= EXAMPLE

It 7-0is 1019 A al 24°C, estimate ils value at 120°C.
Assuming that /¢ doubles every 8°C, we have

1ea(120°C) = 10710 x 212
- — 0.4 pA

1.3.4 Transistor Breakdown Voltages

In Section 1.2.2 the mechanism of avalanche breakdown in a pu junction was described.
Similar ¢ffcets occur at the base-emitter and base-collector junctions of a transistor and
these effects limit the maximum voltages thal can be applied to the device.

First consider a transistor in the common-base configuration shown in Fig. 1.14a and
supplicd with a constant emitter current. Typical - — Vg characteristics for an ap# tran-
sistor in such a connection are shown in Fig. 1.14b. For Iz = Othe collector-base junction
breaks down at a vollage BV pg, which represents collector-base breakdown with the
cmitter open. For linite values of I, the effects of avalanche multiplication are apparent
(or values of Vg below BV epo. In the example shown, the effective common-base current
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gain ety = Ic/1g becomes larger than unity for values of Vg above about 60 V. Operation
in this region (but below BV -g¢) can, however, be safely undertaken if the device power
dissipation is not excessive. The considerations of Scction 1.2.2 apply to this situation, and
neglecting leakage currents, we can calculate the collector current in Fig. 1.14a as

Ic = —apleM {1.74)
where M is defined by (1.26} and thus

|

. ( Vep Y
BVego )
One further point to note about the common-base characteristics of Fig, 1.145 is thai for
low values of Vg where avalanche effects are negligible, the curves show very little of the
Early effect seen in the commen-emitter characteristics. Base widening still occurs in this
configuration as Vg 1s increased, but unlike the common-emitter connection, it produces
little change in /. This is because I is now fixed instead of Ve or Ig, and in Fig, 1.9,
this means the slope of the minority-carrier concentration at the emitter edge of the base
is fixed. Thus the collector current remains almost unchanged.

Now consider the effect of avalanche breakdown on the common-emitter characteris-
tics of the device. Typical characteristics are shown in Fig. 1.12, and breakdown occurs at
a value BV ro, which is sometimes called the sustaining voltage LV gg. As in previous
cases, operation near the breakdown voltage is destructive to the device only if the current
(and thus the power dissipation) becomes excessive.

The effects of avalanche breakdown on the common-cmitter characteristics are more
complex than in the commen-base configuration. This is because hole-electron pairs arc

produced by the avalanche process and the holes are swept into the basc, where they ef-
fectively contribute to the base current. In a sensc the avalanche current is then amplified

IC = —CEFIE (175)
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by the transistor. The base current is still given by

Ip = —Uc +1g) (1.76)
Equation 1.74 still holds, and substitution of this in (1.76) gives
_ M'a;; :
Ic = ] —MLIFIB (1.77)
where
M= : (1.78)

Equation 1.77 shows that I~ approachces infinity as Ma s approaches unity. That is, the
clfective B approaches infinity because of the additional base-current contribution from
the avalanche process itself, The valuc of BV gp can be determined by solving

Mop =1 (1.79)

If we assume that Vg = Ve, this gives

oy .
— = (1.80)
- (BVCE())
BVepo
and this results in
BVeso _ oo ar
BVgo N
and thus
BY
BVcro = — = (1.81)
\"'BF

Equation 1.81 shows that BV £ is less than BV -gp by a substantial actor. However, the
value of BV cpo. which must be used in (1.81), is the plare junction breakdown of the
collector-base junction, neglecting uny edge effects. This is becausc it is only collector-
base avalanche current actually under the emitter that is amplified as described in the pre-
vious calculation. However, as explained in Section 1.2.2, the measured value of BV cpo
1s usually determincd by avalanche in the curved region of the collector, which is remote
from the active base. Consequently, for typical values of B = 100 and n = 4, the value
of BV¢gp 1s about one-half of the measured BV gs and not 30 percent as (1.81) would
indicate.

Equation 1.81 explains the shape of the breakdown characteristics of Fig. 1.12 if the
dependence of Br on collector current is included. As Ve is increased from zero with
Iz = 0, the initial collector current is approximately Brfrp from (1.73): since Ioq is typ-
ically several picoamperes, the collector current is very small. As cxplained in the next
section, Br 1s small al low currents, and thus from (1.81) the breakdown voltage is high.
However, as avalanche breakdown begins in the device, the value of {¢ increases and
thus fr increases. From (1.81) this causes a decrease in the breakdown voltage and the
characteristic bends back as shown in Fig. 1.12 and exhibits a negative slope. At higher
collector currents, By approaches a constant vahic and the breakdown curve with 7 = 0
becomes perpendicular to the Vep axis. The value of V¢ in this region of the curve is
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usually defined te be BV gg, since this is the maximum veltage the device can sustain.
The value of 3} tc be used to calculate BV g in (1.81) is thus the peak value of Br. Note
from (1.81) that high-@ transistors will thus have low values of BV¢zo.

The base-emitter junction of a transistor is also subject to avalanche breakdown. How-
ever. the doping density in the emitter is made very large to ensure a high value of Bx[Np
1s made large in (1.45) to reduce {gz>]. Thus the base is the more lightly doped side of
the junction and determines the breakdown charactenstic. This can be contrasted with the
collector-base junction, where the collector 1s the more lightly doped side and results in
typical values of BV g of 20 to 80 V or more. The base is typically an order of magni-
tude more heavily doped than the collector, and thus the base-emitter breakdown voltage
18 much less than BV and is typically abeout 6 to 8 V. This is designed BVego. The
breakdown voltage for inverse-active operation shown in Fig. 1.12 15 approximately equal
10 this value because the base-emitter junction is reverse biased in this mode of operatien,

The basc-cmatter breakdown voltage of 6 to 8 V provides a convenient reference velt-
age in integrated-circuit design, and this is often utilized in the form of a Zener diode.
Howcever, care must be taken to ensure that all other transistors in a circuit are protected
against reverse basc-emitter voltages sufficient to cause breakdown. This is because, un-
like collector-base brecakdown, base-emitter breakdown is damaging te the device. It can
cause a large degradation in 8, depending on the duration of the breakdown-current flow
and its magnitude.'! If the device is used purely as a Zener diode, this is of ne consequence,
but if the device is an amplifying transistor, the 87 degradation may be serious.

EXAMPLE

If the collector doping density in a transistor is 2 X 10'° atoms/cm® and is much less than
the base doping, calculate BV for 8 = 100and n = 4. Assume &, = 3 X 10° Vicm.

The plane breakdown voltage in the collector can be calcnlated from (1.24) using
Emax = Eerird

BYVonn = ENa T Np)os
Since Np << N4, we have

' € o £.0d x 10712 0w
BVcaolpane = 2aNp M T IR T6 X 1-P R 7% o 0 10TV = 146V

From (1.81)

146

BVero = 77—
V100

V=4V

1.3.5 Dependence of Transistor Current Gain 8 on Operating Conditions

Although most first-order analyses of integrated circuits make the assumption that B is
constant, this parameter does in fact depend on the operating conditions of the transistor.
It was shown in Scction 1.3.2, for example, that increasing the value of V¢ increases /¢
while producing little change in Iy, and thus the cffective By of the transistor increases.
In Section 1.3.4 it was shown that as V¢ approaches the breakdown voltage, BV -z o, the
collector current increases due to avalanche multiplication in the collector. Equation 1.77
shows that the etfective current gain approaches inflinity as Vg approaches BVegg.
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In addition to the effects just described, Br also varies with both temperature and
transistor collector current. This is illustrated in Fig. 1.15, which shows typical curves of
Br versus Ie at three different temperatures for an apa integrated circuit transistor. It is
evident that 8, increases as temperature increases, and a typical temperature coefficient
for By is +7000 ppm/°C (where ppm signifies paris per million). This temperature de-
pendence of By is due to the effect of the extremely high doping density in the emitter, '
which causes the emitter injection efficiency ¥ to increase with temperature.

The variation ef 8¢ with collector current, which is apparent in Fig. 1.15, can be
divided into three regions. Region I is the low-current region, where 8 decreases as /-
decreases. Region 1 is the midcurrent region, where 3 is approximately constant. Region
III 1s the high-current region, where By decreases as I¢ increases. The reasons for this
behavior of B with I can be better appreciated by plotting base current /5 and collector
current /¢ on a log scale as a function of Vgg. This is shown in Fig. 1.16, and because
of the log scale on the vertical axis, the value of In Sy can be obtained dircctly as the
distance between the two curves.

At moederate current levels represented by region II in Figs. 1.15 and 1.16, both /¢
and /g follow the idcal behavior, and

Ir =1y E:}’;pE (1.8
Vr
Is Vae
Ig = ——cxp—— (1.83
P Bru P Vr )

where Bry is the maximum valuc of 8¢ and is given by (1.48),

Atlow current levels, I still [ellows the ideal relationship of (1.82), and the decrcase
in Br is due 1o an additional component in /g, which is mainly due to recombination of
carriers in the base-emitter depletion region and is present at any cutrent level. However,
at higher current levels the base current given by (1.83) deminates, and this additional
component has little effect. The base current resulting from recombination in the depletion

region is’
Vge
Ipy = Iyvexp —— 1.843
BX §x eXp —_— (
where
m=72
Br
Region 1 | Region T1 | Region 01
400 |—

T=125°C

200
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In £

Figure 1.16 Base and
collector currents of a
bipolar transistor plotted
on 4 log scale versus
Vur on a lincar scale.
The distance between

- Vi the curves 1s a direct

{linear scale}  peasure of In Sy

Init

At very low collector currents, where (1.84) dominates the base current, the current gain
can be calculaled from (1.82) and (1.84) as

e _ds Vel ]
Brr = Tne = Tor exp v, (I m) {1.85)
Substimtion of (1.82) in (1.83) gives
Ji i RL1=(1/mt)]
By ~ _S(_C) (1.86)
fsx \Is

If s = 2, then (1.86) indicates that 8 is proportional to /7 at very low collector currents.

At high current levels, the base current fp tends to follow the relationship of (1.83),
and the decrease in Sr in region 111 is due mainly to a decrease in /e below the value
given by (1.82). (In practice the measured curve of 75 versus Ve in Fig. 1.16 may also
deviate from a straight line at high currents due to the influence of voltage drop across the
base resistance.) The decrease in {¢ is due partly to the effect of high-level injection, and
at high current levels the collector current approaches’

Pt . L) VBE:I
IL I.SH CXp 2V; (187)
The current gain in this region can be calculated from (1.87) and {1.83) as
Isy Ve
= —— By —— L.
Bru I, Bim BKP( ZVT) (1.88)
Substitution of (1.87) in {1.88) gives
| P 1
~ _SH
Bru 2 B I

Thus Br decrcases rapidly at high collector currents.
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In addition to the effect of high-level injection, the value of 8 at high currents is also
decreased by the onsct of the Kirk effcet,'? which occurs when the minority-carrier con-
centration in the collector becomes comparable to the donor-atomn doping density. The base
region of the transistor then stretches out into the collector and becomes greatly enlarged.

1.4 Small-Signal Models of Bipolar Transistors

Anatog circuits often operate with signal levels that are small compared to the bias currents
and voltages in the circuit. In these circumstances, incremental or smali-signal models can
be derived that allow calculation of circuit gaiir and terminal impedances without the ne-
cessity of including the bias quantities. A hierarchy of models with increasing complexity
can be derived, and the more complex ones are generally rescrved for computer analysis.
Part of the designer’s skill is knowing which clements of the moedel can be omitted when
performing hand calculations on a particular circuit, and this point is taken up again later.

Consider the bipelar transistor in Fig. 1.17a with bias voltages Vg and V¢ applied
as shown. These produce a quiescent collector current, 7, and & quiescent base current, I,
and the device is in the forward-active region. A small-signal input voltage v, is applied in
series with Vg and produces a small variation in base current i, and a small variation in
colleetor current /... Total values of basce and collector currents are f;, and 1., respectively,
and thus f, = (Ig + i) and I, = (I + i.). The carrier concentrations in the base of the
transistor corresponding to the situation in Fig. 1.17a are shown in Fig. 1.17b. With only

- 1(.= I("-'I' t'r

) +
'rh = !I'B + ll,'? —in
T Vie
Vi
L
(er)
Carrier concentration
| Collector!
' | depletion|
Ay, region

Emitter Base Collector
Emitter depletion
region )

Figure 1.17 Eftect of a small-signal input voltage applied o a bipolar transistor. (a2} Circuit
schemalic. (5) Corresponding changes in camicr concentrations in the hase when the device is in
the forward-active region.
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bias voltages applied, the carrier concentrations are given by the solid lines. Application
of the small-signal voltage v; canses n,(0) at the emitter edge of the base to increase, and
produces the concentrations shown by the dotted lines. These pictures can now be used to
derive the various elements in the small-signal equivalent circuit of the bipolar transistor.

1.4.1 Transconduciance
The transconductance is delined as

dic

i 1.89
Em = Vs (1.89)
Since
dic
Afc = dVBEAVBE
we can write
ﬂ"FC = gmAVBE
and thus
i, = EmVi (1.90h
The value of g, can be found by substituting (1.35) in {1.89) to give
d VrE Is Vae Ie glc
= I = .7 = = = 1.91
Em = Ve S Y T v Py T v, T T (1.91)

The transconductance thus depends linearly on the bias current /- and 1s 38 mA/V for
Ic = 1 mA at 25°C for any bipolar transistor of either polarity {npn or pap), of any size,
and made of any matenial (81, Ge, GaAs).

To illustrate the limitations on the use of small-signal analysis, the foregoing relation
will be derived in an alternative way. The total collector current in Fig. 1.17a can be
calcuiated using (1.35) as

_ Vpe +v; _ Vae vi _
I. = Igexp v, = Igexp v, exp v (1.92)
But the collector bias current is
ic = Igexp Viy (1.93)
Vr
and use of {1.93) in (1.92) gives
. .
o= [ = 1.94
I. = Icexp v, (1.94)

If v; << V¢, the exponential in {1.94) can be expanded in a power scrics,

Vi 1 Vi 3 1 Vi >
fc__;C[I+V—T+§(V?_) +E(v_-,f-) +] (1.95)

Now the incremental collector current 1s

i= 1. —I¢ (1.96)
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and substimtion ol (1.96) in (1.95) gives

I Ve, 1l |
I, = V—TV;' + E_‘_}?VF + EV;VI- + ... (Ig?)

It v; <€ V4, (1.97) reduces to (1.90), and.the small-signal analysis is valid. The cri-
tericn for use of small-signal analysis is thus v; = AVer <€ 26 mV at 25°C. In practice,
if AV pg 15 less than 10 mV, the small-signal analysis is accurate within about [0 percent.

1.4.2 Base-Charging Capacitance

Figure 1.176 shows that the change in base-emitter voltage AVgr = v; has caused a
change AQ. = g, in the minority-carrier charge in the basc. By charge-neutralily require-
ments, there is an equal change A, = ¢, in the majority-carrier charge in the base. Since
majority carriers are supplied by the base lead, the application of voltage v, requires the
supply of charge g, to the base, and the device has an apparent input capacitance

G, = (1.98)
The value of C; can be related to fundamental device parameters as follows. I {1.39) is
divided by (1,33), we obtain

Q. _ Wi
jrC' ZDP?

The quantity 77 has the dimension of time and is called the base transit time in the forward
direction. Since il is the ratio ot the charge in transit ((Q,) 1o the current flow (/). it can
be identified as the average time per carrier spent in crossing the base. To a first order it
1s independent of opcrating conditions and has typical values 10 to 500 ps for integrated
npn transistors and 1 10 40 ns for laterat pnp wansistors. Practical values of 77 tend (o be
somewhat lower than predicted by (1.99) for diffused transistors that have nonuniform base
doping.'* However, the functional dependence on base width Wy and diffusion constant
D, 1s as predicted by {1.99),
From (1.99)

= TF (1.99)

AQ, = 7wdlc (1.100)
But since AQ, = AQ,,. we have
AQy = il (1.101)
and this can be written
4y = Tric (1.102}
Use ol (1.102) 10 (1.98) gives
C, = "‘“:,_ (1.103)
i

and substilution of (1.90) in (1.103) gives

Co = Tr8m (1.104)
_ .4 (1.105)

kT
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Thus the small-signal, base-charging capacitance is proportional to the cellector bias
current,

In the inversc-active modc of opcration, an equation similar to (1.99} relates stored
charge and current via a time constant 7. This is typically orders of magnitude larger than
7r because the device structure and doping are optimized for operation in the forward-
active region. Since the saturation region is a combination of forward-active and inverse-
active operation, inclusion of the parameter 7 in a SPICE listing will model the large
charge storage that occurs in saturation.

1.4.3 Input Resistance

In the forward-active region, the base current is related to the cellector current by (1.47) as

{c
I = & 1.47
5= 5, (1.47)
Small changes in {z and /- can be related using (1.47):
d {lI¢
Alg = — | — |AL .
B = alc (Br-) C (1.106)
and thus
-V R O I R AR |
Bo = Ay ‘E‘[E(E)] (1107

where B 18 the small-signal current gain of the transistor. Note that if 8 1s constant, then
Br = Bg. Typical valucs of By are close to those of 85, and in subsequent chapters little
differentiation 1s made between these quantities, A single value of B is often assumed for
a transistor and then used for both ac and dc calculations.

Equation 1,107 relates the change in base current i, 1o the corresponding change in
collector current i, and the device has a small-signal input resistance given by

ry = 2 (1.108)
th
Substitution of {1.107) in (1.108) gives
P = ?Bn (1.109)
and use of (1.90) in (1.109) gives
Bo
Fp = — (1.110)
Em

Thus the small-signal input shunt resistance of a bipolar transistor depends on the corrent
gain and is inversely proportional to /.

1.4.4 Output Resistance

In Scction 1.3.2 the effect of changes in collector-emitter voltage Vg on the large-signal
charactleristics of the transistor was described. It follows from that treatment that small
changes AVp in Vp preduce corresponding changes Al in Ii-, where

Al
IVer

ﬁfc = ﬂ.VCE (Illl}




30 Chapter 1 ® Models for Infegrated-Clreuit Active Devices

Substitution of (1.55) and (1.57) in (1.111) gives

AVer _ Va .

- = .= = 1112
where V4 is the Early voltage and r, is the small-signal output resistance of the transistor.
Since typical values of V4 are 50 to 100 V, corresponding values of r,, are 50 to 100 k()
for Ic = ImA. Note that r,, is inversely proportional 10 {-, and thus r, can be related to
&m, as are many of the other small-signal parameters,

1

o = {1.113)
Tn"gm
where
kT
= —— 1.114
i gvﬂ ( )

IfVy = 100 V. then 9 = 2.6 X 10™* at 25°C. Note that 1/r, is the slope of the output
characteristics of Fig. 1.10.

1.4.5 Basic Small-Signal Model of the Bipolar Transistor

Combination of the above small-signal circuit elements yields the small-signal model of
the bipolar transistor shown in Fig. 1.18. This is valid for both npr and pap devices in
the forward-active region and is called the Aybrid-7 model. Collector, base, and emitter
nodes are labeled C, B and E, respectively. The elements in this circuit are present in the
equivalent circuit of any bipolar transistor and are specified by relatively few parameters
(8. 7+, 9. ). Note that in the cvaluation of the small-signal parameters for pn p transistors,
the magnitude only of I is uscd. In the following sections, further elements are added to
this medel to account for parasitics and second-order effccts.

1.4.6 Collector-Base Resistance

Consider the effcct of variations in V- on the minority charge in the base as illustrated in
Fig. 1.9. An increase in Vey causes an increase in the collector depletion-layer widih and
consequent reduction of base width. This causes a reduction in the total minority-carrier
charge stored in the base and thus a reduction in base current /5 due to a reduction in f Bl
given by (1.40). Since an increasc AV g in Vg causes a decrease Alg in Iy, this effect can
be medeled by inclusion of a resistor r,, from collector (o base of the model of Fig. 1.18.
If Vizg is assumed held constant, the value of this resistor can be determined as follows.
_ AVer  AVeg Al

T ALy T Ale Al

Ho » - C
J:

(1.115)

F Lb T ¥y Em W1 JPO,
L * " & ]
F
B 1 gl . Figure 1.18 Basic bipelar lransistor
W T T gy BT T Ch T T small-signal equivalent circuil.




1.4 Small-Signal Models of Bipolar Transistors 31

Substitution of (1.112) in (1.113) gives

Al

Vi = Fo0—
" [y
Afgl

(1.116)
If the base current {5 is composed entirely of compnn'ent g1, then (1.107) can be used
in (1.116) 1o gtve

Fu = Bor, (1.117)}

This is a Tower limit for r,. In practice, I is typically less than 10 pereent of fx [compo-
nent 7z, from (1.42) dominates] in integrated »pn transistors, and since gy i very small,
the change Afpy in Ig) for a given AVep and Al is also very small. Thus a Lypical value
for vy, 15 greater than 108gr,. For lateral prp transistors, recombination in the basce is more
significant, and r,, is in the range 284r, to 58gr,,.

1.4.7 Parasitic Elements in the Small-Signhal Model

The elements of the bipelar transistor small-signal equivalent circuit considerad so far may
be considered basic in the sense that they arise directly from essential processes in the de-
vice. However, technological limitations 1 the fabrication of transistors give rise to a
number of parasitic elements that must be added to the eguivalent circuit for most
integrated-circuit transistors. A cross section of a typical nprn transistor 1n a junction-
isolated process is shown in Fig. 1.19. The means of fabricating such devices is described
in Chapter 2.

As described in Section 1.2, all pn junctions have a voltage-dependent capacitance as-
sociated with the depletion region. In the cross section of Fig. 1.19, three depletion-region
capacitances can be identified. The base-emitter junction has a depletion-region capaci-
tance C;, and the basc-collector and collector-substrate junctions have capactlances C,
and Cy, respectively. The base-emitier junction closcly approximates an abrupt junction
duc (o the steep rise of the doping density caused by the heavy doping in the cnitter.
Thus the variation of €, with bias voltage 15 well approximated by (1.21). The collector-
base junction behaves like a graded junction for small bias voltages since the doping den-
sity 1s a function of distance near the junction. However, for larger reverse-bias values
(more than about a volt), the junction depletion region spreads into the collecter, which 1s

Collector ¢

C
C - 4 fis
i ?\ g @ % o1 Injectad electron
motion
( r"‘_\' ¥ Bu rier.i layer @}

@ Substrate

Figure 1.19 lnlegraled-circuil apa bipolar transistor situcture showing parasitic clements, (Not
Lo scale.)
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uniformly doped. and thus [or devices with thick collectors the junction tends to behave
like an abrupt junction with uniform doping. Many medern high-speed processes, how-
ever, have very thin collector regions (of the order of one micron), and the collector deple-
tion region can extend all the way to the buried layer for quite small reverse-bias voltages.
When this occurs, both the depletion region and the associated capacitance vary quile
slowly with bias voltage. The collcctor-base capacitance C,, thus tends to follow (1.22)
for very small bias voltages and (1.21} [or large bias voltages in thick-collector devices. In
practice, measurements show that the variation of C,, with bias voltage for most devices
can be approximated by

) C;.t(}

- H
)

o

where V' is the forward bias on the junction and » is an cxponent between about 0.2 and
(.5. The third parasitic capacitance in a menolithic 7 pn (ransistor is the collector-substrate
capacitance C,, and for large reverse bias voltages this varies according to the abrupt
junction equation (1.21) for junction-isolated devices. In the case of oxide-isolated devices,
however, the deep p dillusions used to isolate the devices are replaced by oxide. The
sidewall component of C,; then consists of a fixed oxide capacitance. Equation 1.117a may
then be used to modcel C,. but a value of » less than 0.5 gives the best approximation. In
general, (1.117a) will be used to model all three parasitic capacitances with subscripts e, ¢
and 5 on n and 7 used to differentiate emitter-base, collector-base, and collector-substrate
capacitances, respeclively. Typical zero-bias values of these parasitic capacitances for a
minimum-size ppa transistor in a modern oxide-isolated process are € jeo = 10(F, C
10 fF, and C .4 = 20 fF. Values for other devices are summarized in Chapter 2.

As described in Chapter 2, lateral prp transistors have a parasitic capacitance Ch,
[rom base to substrate in place of C.,. Note that the substrate is always connected (o the
most negative voltage supply in the circuit in order to ensure that all isolation regions are
scparated by reverse-biased junctions. Thus the substrate is an ac ground, and all parasitic
capacitance to the substrate is connected to ground in an cquivalent circuit.

The final elements to be added to the small-signal model of the transistor are resis-
tive parasitics. These are produced by the finite resistance of the silicon between the (op
contacts on the transistor and the active base region beneath the emitter. As shown in Fig.
1.19, there are significant resistances ry, and r. in series with the base and collector con-
tacts, respectively. There is also a resistance r.., of several ohms in series with the emitter
lcad that can become important at high hias cirrents. (Note that the collector resistance
r. 18 actually composed of three parts labeled r.q, F3, and r.3.) Typical valucs of these
parametcrs are 15 = 5010 500 (), roy = 103 8, and r,. = 20 to 500 ). The valuc ol
rp varics significantly with collector current because of current crowding.'’ This oceurs
at high collector currents where the de base current produccs a lateral voltage drop in the
basc that tends to forward bias the base-emitter junction preferentially around the cdges of
the emitter. Thus the transistor action tends to occur along the cmitter periphery rather than
under the cmitter itself, and the distance from the base contact to the active base region is
reduced. Consequently, the value of ry, is reduced. and in a typical npa transistor, r, may
dcerease 50 percent as [¢ increases from 0.1 mA (0 10 mA.

The value of these parasitic resistances can be reduced by changes in the device struc-
ture. For example, a large-area transistor with mulliple base and emitter stripcs will have
a smaller value of r;,. The value of r, is rednced by inclusion of the low-resistance buried
n™ layer beneath the collector.

C, = (1.117a)

po =
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Ao "M \ ' '\';,:’\, o
LT L

Figure 1.20 Complcte bipelar transistor small-signal equivalent circuit.

The addition of the resistive and capacitive parasitics 1o the basic small-signal circuit
of Fig, 1.18 gives the complete small-signal equivalent circuit of Fig, 1.20, The internal
basc node is labeled B' o distinguish it [rom the external base contact B. The capaci-
lance C, contains the base-charging capacitance Cp and the emitter-base depletion layer
capacitance Cj,.

Cr = Cp + Cje (1.118)

Note that the representation of parasitics in Fig. 1.20 is an approximation in that
lumped elements have been used. In practice, as suggested by Fig. 1.19, C,, is distributed
across Fy, and C,, 1s distributed across #.. This lumped representation is adequate for most
purposes but can introduce errors at very high frequencies. It should also be noted that
while the parasitic resistances of Fig. 1.20 can be very important at high bias currents
or for high-frequency operation, they are usually omitted from the equivalent circuit for
low-frequency calculations, particularly for collector bias currents less than 1 mA.

EXAMPLE

Derive the complete small-signal equivalent circuit for a bipolar transistor at /e = 1 mA,
Veg = 3 Voand Vey = 3 V. Device parameters are C;g = 10 {E 1, = 0.5, ¢y, = 0.9
V.Cuwo = 10[F n. =03, 4hp. =05V, Coyo = 20fE 0, = 03, 4fp, = 065V, By =
100, 70 = 10ps, Vo =20V, 1, = 300Q, r, = 508), rey = 58,7, = 10 Boro.

Since the base-emitter junction is forward biased, the value of C}, is difficult to deter-
minc for reasons described in Section 1.2.1. Either a value can be determined by computer
or a reasonable cstimation is o double Cj.q. Using the latter approach, we cstimate

Cje = 20fF
Using (1.117a) gives, for the collector-base capacitance,

Coo 10

¢ = =
M (_l . VC'B )ﬂc 3 [r3
1+ —
e 0.5

The collector-substrate capacitance can also be calculated using {1.117a)

Cesd | - 20

= 561{F

C{.‘s =
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From {1.91) the transconductance is

_glc _ 1077 _
Bm = iT 26 % 10_3AN = 38 mA/Y

From (1.104) the base-charging capacitance is.
Cp = 1rgm = 10X 107"* x 38 X 107* F = 0.38 pF
The value of C;; from (1.118) is
Cy =038 +0.02 pF = 0.4 pF
The input resistance from (1.110) is

Fo = Bo = 100 %264} = 2.6 k{)

The output resistance from (1.112) is

20
103

and thuos the collector-base resistance is

Fo = 108gr, = 10 X 100 X 20k} = 20 MQ)

Q =20k

r, =

m  The equivalent circuit with these parameter values is shown in Fig. 1.21.

1.4.8 Specification of Transistor Frequency Response

The high-frequency gain of the transistor s controlled by the capacitive elements in the
equivalent circnitof Fig. 1.20. The frequency capability of the transistor is most often spec-
ified in practice by determining the frequency wherc the magnitude of the short-circuit,
common-emitter current gain falls to unity. This is called the transition frequency, fr, and
1s a measure of the maximum useful frequency of the transistor when it is used as an ampli-
fier. The value of f7 can be measured as well as calculated, using the ac circuit of Fig. 1.22.
A small-signal current /; is applied to the base, and the output current i, is measured
with the collector short-circuited for ac signals. A small-signal equivalent circuit can be
formed for this situation by using the equivalent circuit of Fig. 1.20 as shown in Fig. 1.23,
wherc #,, and ry have been neglected. If r, is assumed small, then r, and C.; have no

20 MQ
W
3000 . 5.6 {F 50 £
Bo AW I i _L A C
+
26k =, :]: 04 pF 38x 103y, fg I 10.5 {F
Bl
—
E

Figure 1.21 Completc small-signal cquivalent circuit for a bipolar transistor at /- = I mA.,

Ves = 3V, and Vg = 5 V. Device paramelers are Cieo = 10tF 51, = 0.5, thy, = 09V, C

gt =

104F, n. = 03,4, = 0.5V, Cop = 20MF 0, = 0.3, 4, = 065V, By = 100, 7= = 10 ps,

Va=20V.r, =300Q, 7, =5080,7,, =510, ro = 108arq.
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J_ Flgure 1.22 Schematic of ac circuit [or measurernernl
= of fr.

r.

i,
==V
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Figure 1.23 Small-signal equivalend circuit for the calculation of fr.

influence, and we have

¥
~ i ? 1.11
T T G+ Ca)s (1.119)

If the current fed torward throngh €, is neglected,
Iy = gmV) {1.120)
Substitution of (1.119) in (1.120) gives

f —_ .!" gmrﬂ'
" T 4+ rg(Cr + Cuds

and thus

f,, . BO
— {jw) =
t P+ gyt Gy,

m

(1.121)

using (1.110).
Now if i,/8;( jw) 15 written as S(jw) (the high-lrequency, small-signal current gain),
then

Bo

Bljw) =
T 4t G

(1.122)

iy
Em /
At high frequencics the imaginary part of the denominator of (1.122) is dominant, and we
can write

. — gm
Bl = -7y o (1.123)

From (1.123), |8(je)| = 1 when

_ Sm
Cn+ C,

@ = (U7

(1.124)
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and thus

1 gm

= oM 1.125
Ir 2w Cy + C,, ( )

The transistor behavier can be illustrated by plotting 18 (jw)| using {1.122) as shown in

Fig. 1.24. The frequency w4 is defined as the [requency where |8( jw )| is equal to B/ q‘E
(3 dB down from the low-frequency value). From (1.122) we have

1 Em wr ;
wg = ———"— = — 1126)
P BiCat G B (
From Fig. 1.24 it can be seen that wy can be determined by measuring |B( jow)| at some
frequency o, where |B(jw)| is falling at 6 dB/octave and using

@y = @B (jw) (1.127)

This is the method used in practice, since deviations from ideal behavior tend to occur as
|B3(jw)| approaches unity. Thus |8(jw)| is typically measured at some frequency where
its magnitude is about 5 or 10, and (1.127) is used to determine wr.

It is interesting to examine the time constant, 7, associated with w. This is de-

fined as
1
T = — (1128)
W
and use of (1.124} in (1.128) gives
o= Cm g G (1.129)
Em Em
Substitution of (1.118) and (1.104) in (1.129) gives
R L T O T o (1.130)
gm g.i]’l gm gﬁT L’;JHJ

Equation 1.130 indicates that 7; is dependent on /¢ (through g,,} and approaches a constant
value of 7p at high collector bias currents. At low values of /-, the terms involving Cie
and C,, deminate, and they cause 77 to rise and fr to fall as f is decrcased. This behavior
is illustrated in Fig. 1.25, which is a typical plot of fr versus /¢ for an integrated-circuit
npn transistor. The declinc in f; at high collector currents is not predicted by this simple
theory and is due to an increasc in 7 caused by high-level injection and Kirk effect at high
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Figure 1.25 Typical curve of fr ver-
1 sus I~ for an npa intcgrated-circuit
| | | ;. transistor with 6 pm” emitter area in
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a high-speed process.

currents. These are the same mechanisms that cause a decrease in 87 at high currents as
described in Section 1.3.5.

EXAMPLE

A bipolar transistor has a short-circuit, common-emiller current gain at 1 GHz of 8 with
Ic = 0,25 mA and 9 with I = 1 mA. Assuming that high-level injection effects are
negligible, calculate C;, and 77, assuming both are constant. The measured value of C,,
is 10 fF.

From the data, values of fr are

fri=8%X1=8GCHz at I =025mA

fT2=gX'l=9GHZ at f~ = 1mA
Corresponding values of 77 are
1
= = 19.9 ps
Tr1 2?1_le b 91]'-]
1
T2 = Ty 17.7 ps
Using these data in {1.130), we have
19.9 X 10712 = 7 + 104C,, + C}.) (L1301
atly = 0.25mA. At I = 1 mA we have
17.7 X 107" = 7 + 26(C, + Cj,) (1.132)

Subtraction of (1.132) from (1.131) ytelds
Since Cp, was measured as 10 fF, the value of C;, 1s given by

Cj. ~ 18.2 {F
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Substitution in {1.131) gives
7 = 17 ps

This is an example of how basic device parameters can be determined from high-frequency

current-gain measurements. Noete that the assumption that C ;e 18 consiant is a useful

approximation in practice because Vgr changes by only 36 mV as /- increases from
B 025mAto ] mA.

1.5 Large-Signal Behavior of Metal-Oxide-Semiconductor
Field-Effect Transistors

Metal-oxide-semiconductor field-clfect transistors (MOSFETSs) have become dominant in
the area of digital integrated circuits because they allow high density and low power dis-
sipation. [n contrast, bipolar transistors still provide many advantages in stand-alone ana-
log integrated circuits. For example, the transconductance per unit bias current in bipolar
transistors is usually much higher than in MOS transistors. So in systems where analog
techniques are used on some integrated circuits and digital techniques on others, bipolar
technologies are often preferred {or the analog integrated circuits and MOS technologics
for the digital. To reduce system cost and increase portability, both increased levels of
integration and reduced power dissipation are required, forcing the associated analog cir-
cuits lo use MOS-compatible lechnologies. One way 1o achieve these goals is (o use a
processing technology that provides both bipolar and MOS transistors, allowing great de-
sign flexibility. However, all-MOS processes are less expensive than combincd bipclar
and MOS processes. Therelore, economic considerations drive integrated-circuit manu-
facturers to use all-MOS processes in many practical cases. As a result, the study of the
characteristics of MOS transistors that affect analog integrated-circuit design is important.

1.5.1 Transfer Characteristics of MOS Devices

A cross section of a typical enhancement-mode a-channel MOS (NMOS) transistor is
shown in Fig. 1.26. Heavily doped s-type source and drain regions are fabricated in a
p-lype substrate (often called the body). A thin layer of silicon dioxide is grown over the

Metal or poly silicon
gate contract

Source, nge,
Sioz\ S 8i0,, Y /Sioz
) T H-wwwlamwn) A
W \\Channel \U

region

p-type substrate (body)

|

B

Figure 1.26 Typical cnhancemenl-mode NMOS structure,
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